A global absorbing boundary condition is introduced for the time-domain numerical analysis of wave motion in unbounded layered media. This condition is obtained by applying the reciprocity theorem for linearly viscoelastic media. Example problems are solved towards evaluation of the accuracy and effectiveness of the approach developed in this work.
Introduction
The computational treatment of wave propagation in unbounded media has been a persistent, challenging puzzle in many engineering and scientific disciplines. In a variety of initial-boundary-value problems, the region of interest is only a rather small part of an extensive, arguably, infinite domain. For example, in dynamic soilstructure interaction, a fairly typical system consists of a structure of arbitrary shape built on or embedded in an infinite soil region usually underlain by a stiff (nearly rigid) base. As figure 1 suggests, the soil region is often assumed to be a horizontally layered stratum. The focus of the computation is on the behaviour of the structure and the possibly flexible soil in its vicinity. However, the influence of the 'unbounded' soil (beyond the vicinity of the structure) can be substantial. The unbounded domain contributes not only stiffness and mass but also dissipation, stemming from soil behaviour as well as 'radiation damping', by means of stress waves travelling away from the structure. A similar situation is encountered in the analysis of numerous non-destructive tests for assessing the condition of highway and airport pavements, detecting and characterizing defects in long structures such as piles and pipelines, and determining soil properties from measurements of wave motion at construction sites. Other examples of problems involving unbounded media are quite ubiquitous in the literature on acoustics (scattering of sound waves in air and water), aeronautics (flow around an aerofoil), electrical engineering (dispersion of electromagnetic waves), hydrodynamics (diffraction of water waves, fluid-structure interaction, contaminant transport), meteorology (global and local weather prediction), oceanography (mapping of the seafloor), geophysical exploration (seismic migration), seismology and earthquake engineering (prediction of strong ground motion, dynamic soil-structure interaction). For the purposes of numerical modelling, artificial boundaries are introduced in order to define a computational domain containing the region of interest. These boundaries have become known by various names such as absorbing, transmitting, non-reflecting or silent, all descriptive of their intended function: to allow absorption, enable transmission, minimize or eliminate reflection and suppress echoes of incident outgoing waves, thereby simulating the effects of the unbounded domain.
In the context of dynamic soil-structure interaction, a particularly attractive formulation in the frequency domain was first proposed by Lysmer & Drake [1] and Lysmer & Waas [2] for a layered stratum in anti-plane shear. The formulation relies on discretization in the vertical direction (normal to layer interfaces) without any numerical intervention in the horizontal direction. Thus, wavenumbers and wave modes can be computed for the stratum at any given frequency by means of an eigenvalue problem. Arbitrary wave motions in an unbounded region can be expressed as linear combinations of the admissible modes in the region and, therefore, time-harmonic forces can be expressed in terms of (time-harmonic) displacements on the (absorbing) boundary of the unbounded region. Such a boundary has become known as a consistent transmitting boundary since the forces are consistent with the interpolation assumed of the displacements through the layers.
The frequency-domain consistent transmitting boundary was further developed by Waas [3] for plane strain and axisymmetric waves in a layered stratum. These developments enabled computations of dynamic stiffness of strip footings subjected to out-of-plane and in-plane loads as well as circular footings undergoing torsional and vertical vibrations. The next contribution was by Kausel & Roësset [4] , who showed that the frequency-domain consistent transmitting boundary can be generalized to cylindrical wave motions of arbitrary (harmonic) azimuthal variation thereby leading to studies of horizontal vibrations and rocking of circular footings. Kausel & Roësset [5] considered two-dimensional and cylindrical regions of arbitrary horizontal extent in a layered stratum and formulated frequency-domain hyperelements for such regions. Tassoulas & Kausel [6] combined semidiscrete particular solutions with wave modes to extend the hyperelement concept to regions with inhomogeneous boundary conditions on the surface and base of the layered stratum. The computational cost associated with hyperelements is independent of the horizontal size of the domain of interest.
The idea of expressing time-harmonic motions in a layered stratum in terms of wave modes served as the basis of a suite of semidiscrete Green functions for a layered stratum developed by Kausel & Peek [7] . Thus, (semidiscrete) fundamental solutions became available for time-harmonic line, point, ring and other loads on or in a layered stratum. The development of frequency-domain fundamental solutions in combination with the boundary integral equation method extended the versatility of semidiscrete wave modes in dealing with arbitrary footing and soil-structure system geometries.
The use of consistent transmitting boundaries has been extended to other applications of relevance in earthquake engineering. For example, Lotfi et al. [8] showed that such boundaries can be developed for semi-infinite regions composed of a water reservoir underlain by rock with direct applications to gravity dams subjected to incident seismic waves. Also, Bougacha et al. [9] considered a two-phase, porous-layered medium.
While the consistent transmitting boundary has led to practical and effective formulations as well as accurate and elegant frequency-domain solutions in problems of dynamic soil-structure interaction, its extension to the time domain has been elusive. Indeed, the consistent transmitting boundary requires transformation of load-time histories to the frequency domain followed by harmonic-response computation and inverse transformation to the time domain. This sequence of transformations becomes quite cumbersome, if a component of the soil-structure system exhibits nonlinearities, for example inelastic soil behaviour in a neighbourhood of the structure or frictional contact on the soil-footing interface. Thus, a time-domain version of the consistent transmitting boundary becomes highly desirable, if not outright necessary.
The present paper is aimed at a partial, yet substantial, development of a time-domain consistent transmitting boundary. Specifically, it is shown herein that the reciprocity theorem leads to direct time-domain treatment of wave motions in semi-infinite regions of a layered stratum in anti-plane shear or plane strain. It is worth pointing out that other procedures such as the time-domain boundary integral equation method can proceed to the same end by the reciprocity theorem as long as a time-domain fundamental solution is available. However, the unique feature of the present development is that such a fundamental solution is unnecessary. In fact, the time-domain Green function is obtained in the process of using the time-domain reciprocal absorbing boundary condition.
Notation and definitions (a) Elastodynamic state
In order to derive time-domain reciprocity theorems, it is essential to start from the governing equations of linearized elastodynamics with the basic notation listed in table 1.
We employ the definition of elastodynamic states introduced by Wheeler & Sternberg [10] . Let R be the interior of a body,R is its closure, R is a regular region and let T be an arbitrary time interval. OnR × T, consider a vector-valued function u(x, t) and a second-order tensor-valued function σ (x, t). This ordered pair F = [u, σ ] is called an elastodynamic state defined onR × T, with the displacement field u and the stress field σ , corresponding to the body-force density f, the mass density ρ and dilatational and shear-wave velocities c d , c s , if the following three conditions are met: and we write In the case,
where T − = (−∞, 0] is the non-positive subinterval of T, we say that F is an elastodynamic state with a quiescent past. We use the subscript '0' in denoting such a state and write
is the positive subinterval of T. We call the function θ(x, t) defined by
the convolution of φ and ψ. The asterisk is used to denote this convolution integral.
Time-domain reciprocity theorems for elastodynamics
For elastodynamic wave fields in homogeneous, isotropic, linearly elastic solids, the convolutiontype reciprocity relation was derived by Graffi [11] , then Wheeler & Sternberg [10] extended this relation to unbounded domains. De Hoop [12] further generalized the time-convolution reciprocity theorem to inhomogeneous, anisotropic, viscoelastic solids. These reciprocity relations in elastodynamics along with applications can be found in Achenbach [13] for time-harmonic states. In the above references, a reciprocity theorem can be restated formally as a relation in the time-domain between two admissible elastodynamic displacement-stress states of the same time-invariant domain, each of the two states subjected to its own loading conditions. The timeinvariant domain can be bounded or unbounded. In the two admissible states, we can take the second derivative of the time-dependent trajectory of the displacement field and arrive at an alternative reciprocity theorem that involves the acceleration and stress fields. The proof of the acceleration-based reciprocity theorem goes through the same steps as of the traditional displacement-based reciprocity theorem [13] as shown below. Consider two elastodynamic states of the same body with quiescent pasts:
, the equation of motions in these two states can be written as
the reason for choosing letters I and E for superscripts will be explained later when we establish the absorbing boundary condition. These equations are multiplied byü E j (x, t) andü I j (x, t), respectively. Subtracting side by side, we obtain
We will show that the right-hand side of this equation equals to (σ E
Next, the second term on the right-hand side of equation (3.4) can be expanded as
where we have used the symmetry of σ ij and the antisymmetry ofω ij as follows
Similarly, σ I ijω E ij = 0. Now, the right-hand side of equation (3.5) can be rewritten in a free-index form and we will prove that it vanishes. Using the relation between¯ andσ via the compliance tensor C and noting thatσ ,¯ , C are symmetric tensors, we find
Since
, the strain and its first time derivative are equal to zero in the quiescent past of both states,
Multiplying both sides of equation (3.7) with a non-zero s 2 , then subtracting side-by-side bȳ
Taking the inverse Laplace transform of both sides results in
Therefore, the right-hand side of equation (3.5) is equal to zero. Then, from equations (3.3), (3.4) we arrive at
This result is the local acceleration-based reciprocity theorem. The global acceleration-based theorem is derived by integrating equation (3.11) over a region R with the boundary Γ and using the Divergence theorem for the right-hand side to convert the domain integral into one over the boundary.
where n i are components of the outward unit-vector n normal to the boundary Γ . In the time-harmonic case, we are able to separate the spatial and time variables as follows:
Eliminating the term e iωt on both sides, this equation can be reduced to
Going back to the two dynamic equilibrium equations (3.1), (3.2), they can be used as a starting point towards a proof of the corresponding reciprocity theorem in the time-domain. Applying the Laplace transform both sides, these equations becomē
Now, introduce a new body-force term as
Similarly, from equation (3.12), we can prove that
In terms of the original body forces and using surface tractiont j =σ ij n i , equation (3.18) can be rewritten as
Next, using the convolution theorem of inverse Laplace transforms
and taking the inverse Laplace transform of equation (3.19), we arrive at
This equation is the global reciprocity theorem relating forces and accelerations in the time domain. Therefore, it is called the acceleration-based reciprocity theorem. The asterisk denotes a convolution integral as defined in equations (2.7), (2.8) 
Derivation of reciprocal absorbing boundary condition (a) Convolution quadrature
For the purposes of the present study, we will assume that the finite-element method will serve as the numerical framework. Furthermore, the convolution integrals in the time domain will be evaluated by the trapezoidal rule using sufficiently small time steps t such that
where P (k) , a (k) are column vectors denoting force and acceleration at boundary nodes of the finiteelement mesh at time t k and the bullet '•' denotes the scalar product of two vectors.
(b) Time-stepping algorithm Employing Newmark's method [15] as the time-stepping algorithm, the equation of motion is written as
where M, C and K denote the mass, damping and stiffness matrices, and a, v and u are acceleration, velocity, displacement, respectively. We define predictors
Velocity and displacement at t k+1 may then be written as
and
where β and γ are the parameters determining the accuracy and stability properties of the scheme. Herein, we use the 'constant-average acceleration scheme' (β = Grouping the terms associated with a k+1 and moving all other terms to the right-hand side, we obtainM
whereM andP k+1 are given byM 
Reciprocal absorbing boundary condition. Figure 3 . Two regions to which the reciprocity theorem is applied.
(c) Material damping
In general, account of energy dissipation in the soil is not a straightforward task. Herein, we assume that the damping matrix can be expressed as a linear combination of the stiffness and mass matrices with coefficients that can be computed from a specified damping ratio
Selecting two frequencies ω 1 and ω 2 that bound the frequency-range of interest, the coefficients α 0 and α 1 are given by 12) in which ξ is the damping ratio.
(d) Reciprocal absorbing boundary condition
We consider two unbounded domains I&E with the boundaries are defined as the following
where the components figure 2 . By inspection, the two systems I&E are identical. Therefore, the reciprocity theorem can be applied to these systems (figure 3). 
we obtain .14) vanish. Then, we obtain an equation that only consists of convolution integrals on the (vertical) near boundaries as follows:
(4.15)
Note that the two systems I and E are identical so their boundaries Γ 0 I & Γ 0 E can be thought of as coincident (i.e. Γ 0 I ≡ Γ 0 E ). Therefore, it is valid to define a E j (x, t) on Γ 0 I and a I j (x, t) on Γ 0 E . Now, we discretize the region between the two boundaries Γ 0 I & Γ 0 E by a finite-element mesh (i.e. we divide the stratum into sublayers). Next, on the interior boundary Γ 0 I , we apply n cases of step-force P Ij = e j , where n is the number of nodal degrees of freedom on Γ 0 I and e j is a unit vector (i.e. its jth component is 1 and other components are 0). Then, applying the accelerationbased reciprocity theorem between the interior boundary of the jth-problem (P Ij = e j ) and the exterior boundary of the lth-problem (P Il = e l ) results in
where P Ij , a Ij and P El , a El are forces and accelerations in the jth-and lth-problems, respectively. Using the trapezoidal rule, as in equation (4.1), we expand this equation as follows:
where C's are computed as Note that the fourth term in equation (4.17) is a scalar so that 
Now, we collect the equilibrium equations getting from n problems in which the force on the interior boundary is a step-force defined as P Ij = e j . [0]
.
(4.23)
We have, so far, 3n 2 unknowns a 
(e) Initial values
In order to start the computation, we need to compute initial values of accelerations a
Ij , a
(1) Ej and forces P
Ij , P
Ej . For this purpose, we employ the dynamic stiffness matrix obtained by the consistent transmitting boundary [1] [2] [3] .
(i) Semi-infinite beam on simple supports
To derive the dynamic stiffness matrix for this system, we use the stiffness of a typical element (figure 4)
and consider its equilibrium
writing these equilibrium equations for two successive elements on both sides of node x leads to
The equilibrium at node x requires M x,x+1 + M x,x−1 = 0, then making a summation of two equations (4.26), (4.27) side-by-side results in Figure 5 . Semi-infinite beam on flexible supports.
Using the modes of motion, the rotations at nodes can be written in the form θ x = Ae −Kx ; x = 0, 1, 2, . . . , ∞, where K = ikL and k is the wavenumber. Substituting this form into equation (4.28), we obtain
The discriminant of this quadratic equation is = s 2 1 − s 2 2 and its roots are given by 
From equilibrium of the first element, equation (4.25) , the moment at the first node can be written as
where S ∞ = s 1 + s 2 e −K is the dynamic stiffness of the system. Finally, in terms of the stiffness of a typical element S e , the stiffness S ∞ can be computed as
(ii) Semi-infinite beam on flexible supports
Again, we use the dynamic stiffness matrix of a typical element as follows ( figure 5 ) and consider its equilibrium
Writing the equilibrium equations for two adjacent elements joined at node x results in 
Again, using the modes of wave motion, displacements and rotations can be written in the form:
. . , ∞ where K = ikL and k is the wavenumber. Substituting these forms into equations (4.42), (4.43), we obtain Its roots are given by Figure 6 . Semi-infinite rod.
flexible supports by relating force and moment at the first node to its displacement and rotation. Equilibrium equation of the first element (4.35) leads to
Displacements and rotations of the first node are computed from modes of motion as
or, in matrix form, V can be written as
Let V 1 be a vector including the displacement and rotation at node 1
Then from equations (4.52)-(4.54), the relation between force and displacement vectors at node 1 can be obtained as follows:
Therefore, the dynamic stiffness matrix can be calculated as
The dynamic stiffness matrix of this system is derived in a similar manner to the semi-infinite beam on simple supports (see figure 6 ).
(iv) Stratum in plane strain
In order to obtain the dynamic stiffness matrix of the consistent transmitting boundary, we first need to solve the quadratic eigenvalue problem
This equation yields 4n eigenvalues (n is the number of sublayers in the stratum) and corresponding eigenvectors. We only select half of these modes satisfying the radiation condition. Then, we construct a diagonal matrix K that contains the eigenvalues of the selected modes and a Figure 7 . Convergence test for a semi-infinite beam on simple supports and a semi-infinite rod subjected to a step force.
matrix X whose columns are the corresponding eigenvectors. Finally, the dynamic stiffness matrix can be calculated as
We follow the same procedure as in plane strain. The quadratic eigenvalue equation is given by
The dynamic stiffness matrix is then computed as
Numerical examples
In this section, we present some test problems to evaluate the accuracy and effectiveness of the reciprocal absorbing boundary condition.
(a) Semi-infinite beam on simple supports
First, the reciprocal absorbing boundary condition is used to analyse the transient response of a semi-infinite beam on simple supports subjected to a step moment at the first node as in figure 4 . The results are compared with the solutions obtained using an extended mesh including 100 elements without any absorbing boundaries. Material properties of the beam are given:
(i) Convergence
To examine the rate of convergence of the proposed absorbing boundary condition as the time step is reduced, the following norms of errors in the computed rotations at nodes 1, 2 are considered
As can be seen from figure 7 , the errors approach zero as t tends to zero. The results obtained using the reciprocal absorbing boundary condition converge to the solution from an extended mesh with respect to L 2 norm and the second-order rate of convergence is consistent with the (
ii) Stability
The unconditional stability of the time-stepping scheme used in the reciprocal absorbing boundary condition is demonstrated by varying the time-step size t. Specifically, four numerical analyses are calculated with t = 0.025; 0.05; 0.1; 0.2 s (figure 8). We can confirm that the reciprocal absorbing boundary condition, as implemented herein, leads to unconditionally stable computations.
(iii) Accuracy
The time-step is chosen as t = T/16, where T is the smallest natural period of the system. Figure 9 shows the time histories of the rotations at nodes 1 and 2 of the beam. Excellent agreement can be seen for the problem under consideration. The method is then used for transient analysis of the same system under a symmetrical triangular pulse, Ricker wavelet or rectangular pulse forces with load-time histories as shown in figure 10 . The system responses to these forces are shown in figures 11-13, in excellent agreement with available results of other procedures. In all these cases, damping produces decay of the amplitude of motion with every cycle of response. In the case of the rectangular pulse, when the force is suddenly removed, the displacement also drops sharply and then oscillates while decreasing to zero. The expression for the Ricker wavelet load is given by
where a = 1 is the amplitude and τ = (t − t s )/t 0 , t 0 = 1/π is the dominant period of the wavelet, t s = 3t 0 = 3/π is the time at which the maximum value of the load occurs. (b) Semi-infinite beam on flexible supports Next, in order to explore the use of the reciprocal absorbing boundary condition to cases with multiple degrees of freedom, we consider a semi-infinite beam on flexible supports with k s = 1 (2 DOFs) subjected to a step-force or a step-moment at the first node as in figure 5. An extended mesh with 100 elements will be used for comparison purposes. Again from figures 14 and 15, we observe the superior performance of the reciprocal absorbing boundary condition for transient analysis.
(c) Semi-infinite rod Now, we consider the problem of semi-infinite rod (figure 4) for which the exact solution is available. The material properties of the rod are ρ = 8000 kg m −3 ; E = 2 × 10 7 kN m −2 ; A = 1 cm 2 ; ξ = 0. The exact solution under the axial step-force at node 1 is given here for reference:
where EA and c o = √ E/ρ are the axial rigidity and the longitudinal wave speed, respectively. L is the distance between the interior and exterior boundary, H(t) is the Heaviside step function. Figures 16 and 17 show the performance of the reciprocal absorbing boundary condition when the Figures 19 and 20 show the out-of-plane displacements w versus time and we also observe excellent agreement with the results from an extended mesh of 100 elements in the horizontal direction. As can be seen from these figures, the displacement w 2 due to the force at node 1 is equal to the displacement w 1 due to the force at node 2. Clearly, this follows from the symmetry of the system matrix. The material properties of the layer are ρ = λ = G = 1, the layer depth H = 2 m and the width of the column between the interior and exterior boundaries in the reciprocal absorbing boundary condition l = 0.2 m. [16] . All parameters for time and space discretization here are the same as in [16] (table 2) . The force is applied in the horizontal direction at point A on the surface of the stratum and the displacements u, v are evaluated at the other point B which is 50 m away from point A. The computational domain starting from A to B is discretized using bilinear elements ( figure 25 ). As the problem we are considering here is antisymmetric, it is necessary to 
Conclusion
We have shown that the elastodynamic reciprocity theorem can be used towards development of absorbing boundary conditions directly in the time domain. These are reciprocal equations satisfied by the acceleration and stress fields in two geometrically identical subregions of the unbounded domain of interest. They are non-local in space and time as expected of exact absorbing conditions. While such equations are reminiscent of the boundary integral equation method, our approach exploits acceleration and stress fields from the same domain and, therefore, requires no precomputed fundamental solutions. The study summarized in this article has demonstrated the effectiveness, stability and accuracy of the reciprocal absorbing boundary conditions on the basis of examples pertaining to a layered stratum in plane strain and antiplane shear as well as beams on simple or flexible supports and rods. It is worth noting that the frequency-domain counterparts of the reciprocal equations are nonlinear. However, linearity is recovered in the present time-domain versions of the absorbing boundary conditions, as seen in our implementation of the equations by time-stepping and convolution quadrature.
